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p—>‘—> T, ‘—)&:F(¢,$)<k

T3,

Let (k,d) be (2,5), (5,3) or pointwise larger, take 0 < A < 1 and
|¢) € C9. Then, there is no algorithm which upon input p € My(C)

and of a set of quantum channels {T,- : My(C) — Md((C)}:(:l decides
if 3n > 1 and a sequence (i1, ...,in) € {1,...,k}" for which

(@l Ty -+ Tir(p) 1§) < A

MM Wolf, TS Cubitt, D Perez-Garcia
http://arxiv.org/abs/1111.5225
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The supremum over all states |x) and quantum operations Uaas and

Vg of the probability that Alice and Bob win the game is called the
value of the game. This value is denoted by w*(G).

» w*(G) can be approximated up to a constant factor using SDPs.
> w*(G) does not verify perfect parallel repetition. In fact, the
violation can be unbounded.

W' (65%) 2 2w (o)’

T Cooney, M Junge, C Palazuelos, D Perez-Garcia
http://arxiv.org/abs/1112.3563
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Phys. Rev. Lett. (2013)
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Basic question of (Quantum) Shannon Theory:
How many uses m of some channel £ are necessary in order to
. . . . Results from the ETH
simulate n copies of the identity channel? Group
Alice Bob
— 2 — O — 0 —
—— el — - — et
. ..................................

£: quantum channel

¢ additional resources*
id: quantum identity channel

1
e p——— |

— el
*e.g. entanglement, classic communication (forward, backward, two-way)

Answer: Quantum Capacity Q (&)

Known formula: Q (&) = limn01Q (€®”) for
Q (&) = maxs [S (B)age)s) — S (AB)ase)s))
~~ Expression via information theoretic quantities.
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Channel Simulations

Reverse question:

How many uses n of the identity channel are necessary to simulate
m copies of some quantum channel £7

Alice Bob
—_— —_— id | c— —_—
— — — — — ———
. .................................. .
additional resources*

£: quantum channel

id: quantum identity channel

_— —_—

——

*e.g. entanglement, classic communication (forward, backward, two-way)

If entanglement is for free, the rate equals the entanglement
assisted quantum capacity. If classical communication is free, the
rate is called Entanglement Cost Ec (£). If £ is a quantum to
classical channel, and shared randomness is given, the rate is called
Information Gain Cis(E).

C. Bennett, P. Shor, J. Smolin, A. Thapliyal, IEEE T. Inf. Th. 48 (2002); C. H. Bennett, |. Devetak, A. W. Harrow,
P. W. Shor, A. Winter, arxiv:0912.5537 (2009); M. Berta, M. Christandl, R. Renner, Comm. Math. Phys. 306 (2011)
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Using classical communication, at what rate can the quantum
identity channel simulate a quantum channel?

Theorem (Entanglement cost of quantum channels) Results from the ETH
Group

Ec (€) = limp—s o0 = maxyn Er ((€®" ® id) (1/)”)) where Er denotes the
entanglement of formation Er (pag) = infyp, ,} ZipiS (A)

At what rate can the classical identity channel simulate a quantum
measurement (using shared randomness)?

Theorem (Universal measurement compression)

Cic(€) = max,I(X : R)mgz(s) and measurement simulation is possible
if ¢ > Ce(E), ¢+ r > max, H(X)m(p), ¢ classical communication, r:
shared randomness.

Remark: This characterizes the amount of information gained by a

measurement, which is interesting for physical applications.

M. Berta, M. Christandl, F. Brandao, S. Wehner, Inf. Th. Proc. (ISIT) (2012); 2M. Berta, J. M. Renes, M. M.
Wilde, arxiv:1301.1594 (2013); 3A. Winter, Comm. Math. Phys. 244 (2004)
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Result 1: Convergence of Quantum Markov Chains

Sequential composition of quantum (or classical) channels:

p—l—r—l—r -0
T T T T

Define T 1= El>\/’|:1 AiP; for the spectral projectors P;.
It is known, that |7 — T%|| — 0 for n — oo.

In applications quantitative bounds on the convergence are
needed.

Known bounds involving the spectral radius p of T — Too -

Theorem (Jordan-Bound)

For some C > 0, independent of n, and d,, size of the largest Jordan
block for pu we have ||[T" — TL|| < Cp"~ %+ p% 1

Theorem (Schur-Bound)

17" = T2 lo < 2d3/2(# + 2d1/2)d2—1nd271‘un7d2+1'
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Theorem (Szehr, Reeb, Wolf "13)

Suppose ||T"|| < C Vn € N. Let m = my_1,. be minimal polynomial Results from the
and . spectral radius of T — Ts. Then, for n > ﬁ we have TUM Group

1— (14 Huln|
Tn_To’; < nR ,m,n z )
[ | < p" R(u )/(HM Pt E
m/(z—Ap

4Ce?+/|m|(|m|+1)

where R(p, m, n) = e )

» Exponential improvement compared to Schur-bound.

» Contains the Jordan-Bound as a Corollary, but with specified
constants.
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Hard to compute, but there is the useful transposition-bound:

Theorem (Holevo, Werner)

Q(T) < log(IT © ¥allo)

Ip @ M, — M, denotes the transposition 9, (A) = AT,

Where does the power of this bound come from? Can it be
generalized?

Transposition is not a physical map, i.e. it is not completely
positive.

» Eg.: id®9,(]Q)(Q2]) 20
> But it is positive of course: ¥, (p) > 0 for p > 0.

> Furthermore it is tensor-stable positive, i.e. 99% = 9, is a
positive map for all k € N.
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Theorem (Miiller-Hermes, Reeb, Wolf '12)

Let M : M, — M, be an invertible, unital, tensor-stable positive Results from the
map, which is not completely positive. Then VY

log (|IT o M* o |M* (1) |l ) fog (n)

<
(7)< og (9 0 Mo 9[ls)

for every quantum channel T : 9t, — 9,

Idea: M =, 0 R for completely positive map R.
~~This does not improve the existing bound.

> We do not know yet, whether there are non-trivial tensor-stable
positive maps.

» Progress in this direction would also shed new light on the
NPT-bound entanglement problem.
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Result 3: Are some problems of QIT undecidable? e

Composing Quantum
Channels

Given a certain decision problem, is there any algorithm which, given a
G . . Results from the
general instance of the problem, delivers the right answer? TUM Group

» Famous undecidable problem: Halting Problem for Turing
Machines.

* Is a given state distillable?

* Does a quantum channel have non-zero capacity?
*

» Important consequence: If the problem is undecidable, there
cannot exist a computable formula, that answers general cases.
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Result 3: Fidelity Reachability Problem

Standard Question in Control Theory: Given controls
Tiy... Tk : Mg — My, can one reach a certain state pr from a
certain input state p;.

Similar problem:

Input: Quantum channels Tq,..., 7 : Mg — My, input state
PA R pe € Mg ® Mag.

Decision problem: Is there a T : =T, ---T;, s.t. T(pa® ps) is
entangled?

Corollary (Buchinger, Wolf '13)

This is undecidable if (k, d) is (3,6), (6,4), (8,3) or pointwise larger.
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Thank you for your attention.
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